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1. Introduction
1.1. In [1], J. Alperin and M. Broué introduced a local structure in any block of a finite
group. With the structure M. Broué and L. Puig in [2] modified a Frobenius condition for
finite p-nilpotent groups to introduce nilpotent blocks and showed how the characters of a
nilpotent block are determined by the characters of its defect group. After, L. Puig came
to the theory on pointed groups and extended Brauer’s Second Main Theorem, see [9].
Then in [11] Puig determined the precise structure of nilpotent blocks; with the structure
theorem and Brauer’s Second Main Theorem in [9], he reproved in [11] the formula on
characters in nilpotent blocks. These works are done by assuming that the ground-fields
are large enough.
Later, the first author considered the case of arbitrary ground-fields, and defined
nilpotent blocks with the so-called local control condition (see (1.8.4) below), which is
no longer equivalent to the Frobenius condition though the two conditions are equivalent
for large enough ground-fields; and extended the structure theorem on nilpotent blocks
in [4]. Inspired by a consideration of the Frobenius condition, Puig and the first author
in [8] introduced the blocks with nilpotent coefficient extensions (see (1.8.5) below) and
characterized the structure of such blocks precisely. The formula on characters in nilpotent
blocks was extended to arbitrary ground-fields in [6], but the arguments were based on the
formula of Puig because the author did not know what is the correct version of Brauer’s
Second Main Theorem over small ground-fields.
Here a suitable version we were looking for is presented, i.e., Theorem 1.6 below, which
will be proved in Section 2. Applying it, we show a formula on characters in blocks
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Section 3. As a corollary, the formula on characters in nilpotent blocks is derived in 1.11
directly.
In this section, after few preparation, we construct ingredients for the main result 1.6,
which is followed by a remark. Then some notation on blocks with nilpotent coefficient
extensions is introduced, so that the result 1.10 can be stated.
1.2. Let p be a prime number and O be a complete discrete valuation ring with fraction
field K of characteristic zero and residue field k =O/J (O) of characteristic p; for a ∈O
we denote a¯ ∈ k the image in k of a. An O-algebra means an O-free O-algebra of finite
rank. Besides the lifting of idempotents, we need lifting of separable extensions, which is
in fact a “non-commutative version” of Hensel’s Lemma [13, Chapter II, Proposition 7],
we will show a proof in Section 2.1 for convenience.
1.2.1. Lemma. Let A be an O-algebra such that A/J (A) ∼= k′ is a finite separable
extension of k andO′ be the corresponding unramified extension ofO withO′/J (O′)= k′.
Then for any k′ ∼=−→ A/J (A) there is a unique, up to conjugation by 1A + J (A), algebra
injection O′ →A making the following diagram commutative:
O′ A
k′
∼=
A/J (A)
1.3. Let G be a finite group and let A = OG and AK = KG be the group algebras.
Let χ be a KG-character afforded by a KG-module M . Let u ∈ G be a p-element and
let U = 〈u〉 be the subgroup generated by u; let CG(u) = CG(U) denote the centralizer,
and s ∈ CG(U) be a p′-element. We will express χ(us) in terms of Brauer characters of
CG(U) and the values computed from χ on the local pointed groups introduced below.
Let AU denote the set of the elements of A fixed by U -conjugation, then AU is a
subalgebra and U ⊂ CG(U) ⊂ AU . Denote A(U) = kCG(U). Associated with U , we
have the Brauer map BrU :AU →A(U)= kCG(U), BrU(∑x∈G ax ·x)=∑x∈CG(U) a¯x ·x ,
which is a surjective algebra homomorphism.
In Puig’s notation, a point ε on AU , or a point ε of the group U on A, means an (AU)∗-
conjugacy class of primitive idempotents on AU , where (AU)∗ denotes the multiplicative
group of the invertible elements of the algebra AU ; and a pointed group Uε on A means a
pair (U, ε) of the subgroup U and a point ε on AU ; and a pointed group Uε is said to be
local if BrU(ε) = {0}. Set LPA(U)= {ε |Uε is a local pointed group on A}.
1.4. Let ε ∈ LPA(U). The local pointed group Uε corresponds, by lifting of idempo-
tents, exactly to one simple algebra factor, denoted by A(Uε), of the maximal semisimple
quotient A(U)/J (A(U))= kCG(U)/J (kCG(U)), where J (−) denotes the Jacobson rad-
ical. It is known that any irreducible kCG(U)-module has Schur index 1 and (e.g., cf. [4,
3.4.1]):
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matrix algebra Mnε (kε) for an integer nε . Let Oε denote an unramified extension ofO
such that Oε/J (Oε)= kε , and let Kε =K⊗O Oε be the fraction field of Oε .
As usual, kεCG(U) denotes the group algebra. Then the inclusion map kε = Z(A(Uε))⊂
A(Uε) and the composition map CG(U) ⊂ AU → A(Uε) induce a kε-algebra homo-
morphism kεCG(U)→ A(Uε) ∼=Mnε (kε), which gives an irreducible kεCG(U)-module;
hence (see 2.2 below for details):
(1.4.2) An Oε-valued irreducible Brauer OεCG(U)-character ϕε is determined by the
local pointed group Uε .
1.5. Let ε ∈ LPA(U) as above, and take iε ∈ ε. The image i¯ε of iε in A(Uε) is a
primitive idempotent of A(Uε), and by (1.4.1), the canonical map
kε
(=Z(A(Uε)))→ i¯εA(Uε)i¯ε, z → zi¯ε, (1.5.1)
is an isomorphism. But iεAU iε is clearly a local algebra (its identity element iε is
the unique non-zero idempotent), and the map iεAU iε → i¯εA(Uε)i¯ε induced by the
natural map AU → A(Uε) is just the residue map of iεAU iε . Thus, by Lemma 1.2.1,
there is a unique, up to conjugation, injection Oε → iεAU iε compatible with the above
isomorphism kε ∼= i¯εA(Uε)i¯ε . With the injection and the inclusion U ⊂ Z(AU), we have
a homomorphism OεU → iεAU iε , u → uiε . Further, since Kε = K ⊗O Oε , we have a
homomorphism KεU → iεAUKiε , u → uiε . Turn to the KG-character χ afforded by the
AK -module M , the iεM is an iεAUKiε-module, hence it is a KεU -module; so we define
(1.5.2) χε(u) = χiεM(u) = TrKε (uiε/iεM), which denotes the Kε-valued trace of the
linear transformation uiε on the Kε-space iεM .
Note that, χε(u) is independent of both the choices of iε ∈ ε and the lifting injection
Oε → iεAUKiε , since both choices are unique up to conjugation.
Recall that trKεK (a) =
∑
t∈Gal(Kε/K) a
t is the relative trace of a ∈ Kε over K, where
Gal(Kε/K) is the Galois group of Kε overK. In particular, the following sum make sense.
1.6. Theorem. For any KG-character χ and any p-element u ∈ G and any p′-element
s ∈ CG(u), we have
χ(us)=
∑
ε∈LPA(U)
trKεK
(
χε(u)ϕε(s)
)
, (1.6.1)
where Kε , χε and ϕε are defined in (1.4.1), (1.5.2) and (1.4.2) respectively.
1.7. Remark. As usual, we can restate the theorem in a block-form. Let b be an O-block
of G, and B = OGb = Ab be the block algebra which is an interior G-algebra, and
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LPB(U) = {ε | Uε is a local pointed group on B}. For χ ∈ Irr(KGb), where Irr(KGb)
denotes the set of irreducibleKGb-characters, it is clear that the summand with ε in (1.6.1)
vanishes provided ε is outside of LPB(U); thus, (1.6.1) is restated as
χ(us)=
∑
ε∈LPB(U)
trKεK
(
χε(u)ϕε(s)
)
. (1.7.1)
On the other hand, if we take a cyclotomic extension Ô generated by the roots of unity of
degree of the p′-part of the order of G, then all the Oε in (1.4.1) can be embedded into Ô,
and the formula (1.6.1) means that χ(us) is a combination of the Ô-valued irreducible
Brauer characters of CG(U); and the coefficients can be computed with χ itself from the
local structures of A; further if consider the block-form (1.7.1), then the coefficients can
be computed from the source algebra of B in a way as exhibited in Section 3.
1.8. Let b be anO-block of G, andB =OGb. Recall that inclusionKγ ⊂Hβ of pointed
groups Kγ and Hβ on A means that K ⊂H and j i = j = ij for some j ∈ γ and i ∈ β .
A fundamental notation is (see [9, 1.2]):
(1.8.1) The maximal local pointed groups on the block algebra B form exactly one
G-conjugacy class. Let Pγ be such a maximal one, called a defect pointed group of
the block B , and take j ∈ γ , denoteAγ = jAj = jBj , called the source algebra of the
block.
In particular, LPB(U)= ∅ and χ(us)= 0 if ux /∈P for any x ∈G. Note that APγ = jAP j
is a local algebra, and kγ = Z(A(Pγ ))→ APγ /J (APγ ), z → zj¯ , is an isomorphism, see
(1.5.1).
(1.8.2) Denote kˆ = kγ = Z(A(Pγ )), which is a separable cyclic extension of k; denote
Ô = Oγ and K̂ = Kγ . Then the conjugation of the normalizer NG(Pγ ) on A(Pγ )
induces an action of NG(Pγ ) on Ô.
The following is a known fact for any O-block, see [8, 1.14].
(1.8.3) Let EG(Pγ )= NG(Pγ )/(PCG(P)). Then the actions of NG(Pγ ) on Ô and on P
induce a homomorphism from EG(Pγ ) to the exterior automorphism group of ÔP (as
O-algebra), and this homomorphism is uniquely, up to (ÔP)∗-conjugation, lifted to
an action of EG(Pγ ) on ÔP .
Further, we recall two definitions from [4] and [8], respectively.
(1.8.4) b is called an O-nilpotent block of G if for any local pointed group Qδ ⊂ Pγ and
any x ∈G such that (Qδ)x ⊂ Pγ we have x = zv for some z ∈ CG(Q) and v ∈ P .
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extension O′ of O and a nilpotentO′-block b′ of G such that bb′ = b′.
1.9. Now assume that b is an O-block of G with nilpotent coefficient extension; and
notation, e.g., Pγ , Aγ , EG(Pγ ) etc., are as in 1.8 above. Let U = 〈u〉 as before, and set
TG(U,P )= {x ∈G |Ux ⊂ P }. We will show in 3.3 that
(1.9.1) There is a bijection between the set CG(U)\TG(U,P )/NG(Pγ ) of representatives
of the double cosets and LPB(U), mapping g ∈ CG(U)\TG(U,P )/NG(Pγ ) to
ε(u,g) ∈LPB(U) such that (Uε(u,g))g ⊂ Pγ .
Moreover, for each ε(u,g) ∈LPB(U), we can (see (3.4.2) below) embed
kε(u,g)⊂ kˆ = Z
(
A(Uε(u,g))
)
. (1.9.2)
By (1.4.2), Uε(u,g) determines an Oε(u,g)-valued, hence also regarded as Ô-valued, Brauer
ÔCG(U)-character ϕε(u,g).
On the other hand, by (1.8.3), EG(Pγ ) acts on K̂P , hence acts on the set Irr(K̂P)
of the irreducible K̂P -characters (here the characters should be understood as general
trace functions because EG(Pγ ) need not stabilize P , see [8, 1.15 and 1.24]). For any
λ ∈ Irr(K̂P), let λˆ denote the sum of the orbit including λ; let Irr(K̂P) denote the set of all
the orbit sums of Irr(K̂P).
1.10. Theorem. Notation as above. There are a bijection Irr(KGb)→ Irr(K̂P), mapping
χ ∈ Irr(KGb) to λˆ ∈ Irr(K̂P), and a class function ω :P →{±1} such that
χ(us)=
∑
g∈CG(U)\TG(U,P )/NG(Pγ )
ω(ug) · trK̂K
(
λˆ
(
ug
)
ϕε(u,g)(s)
)
for any p′-element s ∈CG(U).
At last, if b is an O-nilpotent block, then by [4, 1.5] we have EG(Pγ ) = 1, hence, by
[5, 2.8.iii] we have kˆ =Z(B)/J (Z(B))= kε(u,g), cf. 3.2 below. Thus it follows from 1.10
at once that:
1.11. Corollary. If b is O-nilpotent, then there are a bijection Irr(KGb) → Irr(K̂P),
mapping χ ∈ Irr(KGb) to λˆ ∈ Irr(K̂P), and a class function ω :P →{±1} such that
χ(us)=
∑
g∈CG(U)\TG(U,P )/P
ω
(
ug
) · trK̂K(λˆ(ug)ϕε(u,g)(s))
for any p′-element s ∈CG(U).
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2.1. As promised in 1.2, we first sketch a proof of Lemma 1.2.1 though it is known in [7,
Lemmas 2.3, 2.4]. Then in 2.2 we state some general preliminaries, including the Brauer
characters over arbitrary coefficients mentioned in (1.4.2), but in a generalized version of
Puig. From 2.3 on we return to notation in 1.3–1.5 and prove Theorem 1.6.
Proof of Lemma 1.2.1. Note that it is just the well-known Hensel’s Lemma if A is
commutative. Let O′ = O[α] be generated by α, hence k′ = k(α¯); let a¯′ ∈ A/J (A) be
the image of α¯ and let a′ ∈ A be an inverse image of a¯′. Then O[a′] is a commutative
subalgebra of A and covers A/J (A) ∼= k′. Thus by Hensel’s Lemma, there is a unique
a′′ ∈O[a′] whose minimal polynomial is the same (in the sense of residue) as a¯′ over k
and a′′ = a¯′. Thus D =O[a′′] ⊂A and f :O′ →A, α → a′′, is a desired injection.
Assume f1 :O′ →A is also such an injection, setD = f (O′) andD1 = f1(O′). Let kˆ be
a normal closure of k′ and Γ = Gal(kˆ/k); let Ô be the corresponding unramified integral
extension. Let Â= Ô⊗O A, then Â/J (Â )∼= kˆ⊗k k′ and ÂΓ =A. It is well-known that
Ô⊗O O′ −→
⊕
t∈Γ/ΓO′
Ô t , cˆ⊗ c′ −→
∑
t∈Γ/ΓO′
cˆt c′ (2.1.1)
is an Ô-algebra isomorphism; it is the same for kˆ⊗k k′. Let Î and Î1 denote the sets of the
primitive idempotents of D̂ = Ô⊗O D and D̂1 = Ô⊗O D1, respectively; then both Î and
Î1 map onto the set I of the primitive idempotents of Â/J (Â ). For i ∈ I we denote iˆ ∈ Î
and iˆ1 ∈ Î1 resp. the inverse of i resp. Set v =∑i∈I iˆiˆ1. By (2.1.1), v ∈ ÂΓ ; then
v ∈ 1 + J (Â )Γ ⊂ 1 + (J (Â )∩ ÂΓ )= 1+ (J (Â )∩A)⊂ 1+ J (A),
and Î v = vÎ1, i.e., v−1 Î v = Î1; and it follows that v−1D̂v = D̂1, and hence v−1Dv =
v−1(D̂)Γ v = (v−1D̂v)Γ = (D̂1)Γ = D1. Combining it with the uniqueness part of
Hensel’s Lemma (for commutative case), one can get the uniqueness of the lemma. ✷
2.2. Let G be a finite group. An O-algebra A is said to be an interior G-algebra if
there is a group homomorphism G→ A∗ where A∗ denotes the multiplicative group of
the invertible elements of A, e.g., the group algebra OG and the block algebra OGb for
a block b are interior G-algebras. In particular, an interior G-algebra is a G-algebra with
G-action by conjugation. Assume that A is an interior G-algebra. Then the notation on
pointed groups like 1.3 applies as well as follows. A pointed group Hβ on A means a pair
of a subgroup H of G and a conjugacy class β of the primitive idempotents on AH ; let
PA(H)= {β |Hβ is a pointed group on A}.
The map TrGH :A
H → AG with Tr(a) = ∑x∈G/H xax−1 is called trace map; and let
AG = TrG(AH). The canonical mapH H
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/( ∑
VH
AHV + J (O)AH
)
(2.2.1)
is called the Brauer map. Then a pointed group Uε on A is said to be local if BrU(ε) = {0}.
One can identify these with those in 1.3 if A = OG and U is a p-subgroup of G. For
details, please see [9] or [14]. Now let Hβ be a pointed group on A, then we have
(2.2.2) Hβ corresponds to exactly one simple factor, denoted by A(Hβ), of AH/J (AH).
Further assume that kβ = Z(A(Hβ)) is a separable extension of k for any subgroup H
and any pointed group Hβ . Note that any group algebra satisfies this condition. In fact,
since kG= k⊗k0 k0G for a finite field, by [4, 2.6] we have
(2.2.3) If either A=OG or A=OGb is a block algebra, then kβ =Z(A(Hβ)) is a cyclic
extension of k generated by a p′-root of unity for any pointed group Hβ on A.
Moreover, we denote by Oβ an unramified extension over O such that Oβ/J (Oβ) = kβ ,
and Kβ =K⊗O Oβ . Then there is an algebra homomorphism
kβCG(H)→A(Hβ). (2.2.4)
Let Mβ be the unique (up to isomorphism) simple A(Hβ)-module; by (2.2.4), Mβ is a
kβCG(H)-module. Let s ∈ CG(H) be a p′-element. Restrict Mβ to a kβ〈s〉-module; then
it is known that (cf. [12, §15.5] where the coefficient is arbitrary) there is an Oβ -free
Oβ〈s〉-moduleMβ such that the residue ofMβ modulo J (Oβ) is Mβ ; extending coefficient
to Kβ , we have a Kβ 〈s〉-module Mβ , and define
ϕβ(s)= TrKβ (s/Mβ)= the trace of the Kβ -linear transformation s on Mβ. (2.2.5)
Let E be the set of the primitive idempotents of Kβ〈s〉; then for each e ∈ E we have
e ∈Oβ 〈s〉, hence
Oβ〈s〉 =
⊕
e∈E
Oβ〈s〉 · e,
and each e corresponds to exactly one χe ∈ Irr(Kβ 〈s〉) (see [12, §15.5]); thus
ϕβ(s)=
∑
e∈E
χe(s) · dim
(
e¯Mβ
)
/χe(1),
where e¯ denotes the image of e in kβ〈s〉. That is, theOβ -valued function ϕβ is well-defined
on the set of the p′-elements of CG(H), and called the Brauer character determined by the
pointed group Hβ on A. In the case of A=OG, they are just the usual irreducible Brauer
characters of G if H = 1 and k is large enough; on the other hand, they are just the ϕε in
(1.4.2) if H =U is a p-subgroup and Uε is a local pointed group.
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a p-element and U = 〈u〉, s ∈ CG(u) is a p′-element, A = OG and AK = KG, M is a
KG-module and χ is the character of M , etc. Of course, LPA(U)⊂PA(U).
For any ε ∈ PA(U), the definition of χε(u) in 1.5 is obviously still valid, and it is
computed inside AU ; the next key step is to find an Oε-free Oε〈s〉-module inside AU
itself to compute the Brauer character ϕε defined in (2.2.5). We begin with the following
decomposition which follows from (2.2.2) directly.
AU/J
(
AU
)= ⊕
ε∈PA(U)
A(Uε) with each A(Uε)∼=Mnε (kε), (2.3.1)
where kε = Z(A(Uε)) is a separable extension of k. Recall that an O-algebra is said to be
O-semisimple if it is isomorphic to a direct sum of matrix algebras overO, and by [9, 2.4],
any maximal O-semisimple subalgebra S of AU can be decomposed as S =⊕ε∈PA(U) Sε
such that Sε ∼=Mnε (O), and Mnε (k)∼= Sε ⊂ A(Uε), where Sε denotes the image of Sε in
AU/J (AU); and any two maximalO-semisimple subalgebras of AU are conjugate to each
other by 1 + J (AU). We extend it as follows.
2.4. Proposition. Notation as above. There is a subalgebra S′ of AU such that S′ =⊕
ε∈PA(U) S
′
ε with S′ε ∼=Mnε (Oε) and S′ε = A(Uε), and any two such subalgebras are
conjugate by 1 + J (AU).
Proof. Choose a maximal O-semisimple subalgebra S =⊕ε∈PA(U) Sε of AU as above;
set eε = 1Sε ; then eε is a primitive central idempotent of S and Sε = Seε ⊂ eεAUeε . Since
the image eε of eε in AU/J (AU) is a central idempotent, eεAUeε is mapped onto A(Uε).
Moreover, by [9, 2.1] we have
eεA
Ueε ∼= Sε ⊗O Cε ∼=Mnε (Cε), (2.4.1)
whereCε = CeεAUeε (Sε) is the centralizer; thus, in A(Uε) the image Cε =Z(A(Uε)). Then
by Lemma 1.2.1 we have
(2.4.2) There is a subalgebra Zε ⊂ Cε such that Zε ∼=Oε and Zε =Z(A(Uε)).
Let S′ε ⊂ eεAUeε be the inverse image of Sε ⊗O Zε through the isomorphism (2.4.1), i.e.,
S′ε = Sε ·Zε and Z
(
S′ε
)=Zε ∼=Oε. (2.4.3)
It is easy to check that S′ =⊕ε∈PA(U) S′ε satisfies the proposition. At last, the uniqueness
of the proposition can be easily derived from the conjugation of the maximalO-semisimple
subalgebras and the uniqueness part of Lemma 1.2.1. ✷
Further we claim that (note that the p′-element s ∈AU obviously):
2.5. Corollary. There exists a subalgebra S′ of AU as in 2.4 such that s ∈ S′.
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AU/J (AU), let |s| denote the order of s. By the proposition, for the multiplicative groups
we have an exact sequence
1 + J (S′)−→ (S′)∗ −→ (AU/J (AU ))∗ −→ 1.
Since 1 + J (S′) has no p′-elements, s¯ has the same order as |s|. By [10, Proposition 4.6]
there is an s˘ ∈ (S′)∗ which has the same order as |s| and ¯˘s = s¯. Set v = 1/|s|∑|s|t=1 s˘t s−t .
It is clear that v ∈ 1 + J (AU) and s˘vs−1 = v; i.e., s = v−1 s˘v. Thus s ∈ v−1S′v and the
subalgebra v−1S′v is as desired. ✷
2.6. Let S′ =⊕ε∈PA(U) S′ε be a subalgebra of AU as in 2.5, and let eε = 1S ′ε . Then
1A =∑ε∈PA(U) eε is an orthogonal decomposition of central idempotents on S′, thus
1A =
∑
ε∈PA(U)
eε ∈
⊕
ε∈PA(U)
Sε ⊂
⊕
ε∈PA(U)
S′ε ⊂
⊕
ε∈PA(U)
eεA
Ueε ⊂ AU. (2.6.1)
Since each eε commutes with both u (recall that u ∈ Z(AU)) and s, by (2.6.1) we have
(2.6.2) us =∑ε∈PA(U) useε , and each seε ∈ S′ε , and each ueε ∈Z(eεAUeε); in particular,
ueε ∈Cε = CeεAUeε (Sε).
Let Zε = Z(S′ε) as in (2.4.3); then Zε = Z(A(Uε)) and Oε ∼= Zε , and by Lemma 1.2.1,
such isomorphism is unique up to conjugation. Take a primitive idempotent iε of S′ε , i.e.,
iε ∈ ε ∩ S′ε. (2.6.3)
Then S′εiε is an Oε-free Oε〈s〉-module and S′ε i¯ε is the unique simple A(Uε)-module; by
the definition (2.2.5) we have
ϕε(s)= TrOε
(
seε/S
′
εiε
)
. (2.6.4)
2.7. Moreover, for any OG-module M , the eεM is an eεAUeε-module. Consider the
subalgebra Dε of eεAUeε generated by S′ε and ueε; by (2.6.2), we can treat Dε as an
Oε-algebra and treat M as a Dε-module. Noting that iεeε = iε , by [9, 2.1] we have
Dε ∼= S′ε ⊗Oε iεDεiε and eεM ∼= S′εiε ⊗Oε iεM;
further, for group algebras we have the following homomorphisms clearly
Oε〈us〉 ∼=Oε〈s〉 ⊗Oε OεU →Dε, us → s ⊗ u → seε · (ueε);
in other words, eεM is an Oε〈us〉-module and the trace of us on it is
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(
seε/S
′
εiε
) · TrOε (ueε/iεM).
By the fact that iεeε = iε again, we have TrOε (ueε/iεM) = TrOε (uiε/iεM). Thus, from
(2.6.4) and (1.5.2) we get
TrOε (useε/eεM)= ϕε(s) · χiεM(u). (2.7.1)
2.8. Now we complete a proof of Theorem 1.6.
Let N be an O-free OG-module such that M = K ⊗O N . Then we can compute all
the characters involved in (1.6.1) with N over O. By (2.6.1) and (2.6.2) we see that
N =⊕ε∈PA(U) eεN is an O〈us〉-module decomposition; thus
χ(us)=
∑
ε∈PA(U)
TrO(useε/eεN).
For each ε ∈ PA(U) we see in 2.7 that eεN is treated as anOε〈us〉-module; and it is known
(e.g., see [12, §12.2]) that
TrO(useε/eεN)= trOεO
(
TrOε (useε/eεN)
)
. (2.8.1)
Therefore we have
χ(us)=
∑
ε∈PA(U)
trOεO
(
TrOε (useε/eεN)
)
.
Combining it with (2.7.1) and noting that χiεN (u)= χε(u) in the present case, we get
χ(us)=
∑
ε∈PA(U)
trOεO
(
ϕε(s)χε(u)
)
. (2.8.2)
At last, one can easily check that the arguments for the following fact in [9, pp. 286–287]
are valid for any ground-fields.
(2.8.3) χε(u)= 0 if Uε is not local.
Thus the summands in (2.8.2) associated with non-local pointed group Uε vanish, and we
are done for Theorem 1.6.
3. Characters in blocks with nilpotent coefficient extensions
3.1. As announced in 1.1 we prove Theorem 1.10 in this section. First we show some
general facts on coefficient extensions for blocks in the next subsection; then in 3.3
we prove the assertion (1.9.1); in 3.4 we recall the structures of blocks with nilpotent
coefficient extensions; and from 3.5 on we prove Theorem 1.10.
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B = OGb. Let Qδ be a local pointed group on B and Qδ ⊂ Pγ ; note that Qδ is also a
pointed group on A, and A(Qδ) = B(Qδ) since bδ = δ. Denote TG(Qδ,Pγ ) = {x ∈ G |
(Qδ)
x ⊂ Pγ }. Let Ô be as in (1.8.2), and k˜ = Z(OGb)/J (Z(OGb)). From the inclusion
Z(OGb) ⊂ Z((OGb)P ) and the natural map (OGb)P → B(Pγ ), we see that k˜ ⊂ kˆ. In
particular, k˜ is a separable cyclic extension of k. let O˜ be an unramified extension of O
with O˜/J (O˜) = k˜; then by Lemma 1.2.1, we have a unique injection O˜→ Ô. Thus we
can regard O˜ ⊂ Ô. Let b˜ be an O˜G-block such that bb˜= b˜, and A˜= O˜G and B˜ = O˜Gb˜.
Similar to (2.1.1), we have a direct decomposition
O˜⊗O O˜
∼=−→
⊕
t∈Gal(O˜/O)
O˜t , c⊗ c′ −→
⊕
t∈Gal(O˜/O)
ct c′, (3.2.1)
from which we see that b =∑t∈Gal(O˜/O) b˜t is the orthogonal decomposition of primitive
idempotents in Z(O˜Gb), and b˜ is absolutely primitive. By [4, 3.8.3] we have
(3.2.2) Let δ˜ = b˜δ = {b˜i | i ∈ δ} and γ˜ = b˜γ = {b˜j | j ∈ γ }. Then Pγ˜ is a defect
pointed group of B˜ and Q
δ˜
⊂ Pγ˜ is a local pointed group on B˜; and TG(Qδ˜,Pγ˜ ) =
TG(Qδ,Pγ ).
Let Â= ÔG, and let B̂ = ÔGb˜ which is still a block algebra as b˜ is absolutely primitive.
For any j˜ ∈ γ˜ , similar to (3.2.1) we have
Ô⊗O˜ Ô
∼=−→
⊕
t∈Gal(Ô/O˜)
Ô t , c⊗ c′ −→
⊕
t∈Gal(Ô/O˜)
ct c′; (3.2.3)
hence (see [4, §3] for details) there is a defect pointed group Pγˆ of B̂ and jˆ ∈ γˆ such that
(3.2.4) j˜ =∑t∈Gal(Ô/O˜) jˆ t is an orthogonal decomposition; and Pγˆ t , t ∈ Gal(Ô/O˜), are
different defect pointed groups of B̂ .
Similarly, there is a local pointed group Q
δˆ
⊂ Pγˆ on B̂ such that iˆ i˜ = iˆ for some iˆ ∈ δˆ and
i˜ ∈ δ˜. By [4, 3.6 and 3.7] we have TG(Qδ˜,Pγ˜ )=
⋃
t∈Gal(Ô/O˜) TG(Qδˆ,Pγˆ t ). Further, it is
easy to argue (see [5, 2.8.iii]) that the action of NG(Pγ ) on Ô in (1.8.2) induces a surjection
NG(Pγ )→ Gal(Ô/O˜) such that Pγˆ t = (Pγˆ )g if g ∈NG(Pγ ) is mapped to t ∈ Gal(Ô/O˜).
Let H denote the kernel of NG(Pγ )→ Gal(Ô/O˜). Then
TG(Qδ,Pγ )=
⋃
g∈H\NG(Pγ )
TG(Qδˆ,Pγˆ ) · g. (3.2.5)
3.3. Lemma. Notation as above and assume that b is an O-block with nilpotent coefficient
extensions. Then for any p-subgroup Q there is a bijection
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such that (Qδ(x))x ⊂ Pγ .
Proof. Let Q be a p-subgroup. For any x ∈ TG(Q,P), by [5, 2.3.5] there is a unique local
pointed group Qδ(x) such that (Qδ(x))x ⊂ Pγ ; so we have a map
TG(Q,P)→LPB(Q), x → δ(x). (3.3.2)
For any Qδ with δ ∈ LPB(Q), by (1.8.1) there is an x ∈G such that (Qδ)x ⊂ Pγ , hence
x ∈ TG(Q,P) and δ = δ(x), i.e., (3.3.2) is surjective. If δ(x) = δ(x ′) = δ, then both
(Qδ)
x, (Qδ)
x ′ ⊂ Pγ , and applying (3.2.5), we have (Qδˆ)x ⊂ Pγˆ and
x−1x ′ ∈ TG
(
(Qδ)
x,Pγ
)= ⋃
g∈H\NG(Pγ )
TG
(
(Q
δˆ
)x,Pγˆ
) · g.
By the assumption and [8, 1.11], the Ô-block B̂ is nilpotent; by the definition (1.8.4) we
have TG((Qδˆ)
x,Pγˆ )= CG(Qx)P . Thus
x−1x ′ ∈ TG
(
(Qδ)
x,Pγ
)= CG(Qx) ·NG(Pγ ).
That is, x ′ ∈CG(Q)xNG(Pγ ). Thus the surjection (3.3.2) induces the bijection (3.3.1). ✷
3.4. From now on the notation in 3.2 is preserved, and always assume that b is an
O-block with nilpotent coefficient extension. Take j ∈ γ ; and let Aγ = Bγ = jAj = jBj ,
which is a P -algebra. Recall from (1.8.3) that EG(Pγ ) acts on Ô and on ÔP , so we have
the semidirect product algebra (ÔP)EG(Pγ ). The following is a part of the main result
of [8].
3.4.1. Theorem. EG(Pγ ) acts faithfully on Ô and there exists an (ÔP)EG(Pγ )-module
N̂ such that, setting Ŝ = EndÔ(N̂) and considering Ŝ ⊗Ô ÔP as a tensor product of both
ÔP interior algebras and EG(Pγ )-algebras, the determinant of the image in Ŝ∗ of any
element of P is equal to one and we have an OP -interior algebra isomorphism
Aγ ∼=
(
Ŝ ⊗Ô ÔP
)
EG(Pγ ).
Moreover, in that case, EG(Pγ ) is cyclic, Ŝ has a P -stable Ô-basis containing the unity
as the unique P -fixed element and N̂ is unique up to isomorphism.
Next, let Qδ be any local pointed group on B . From the inclusion Z(B) ⊂ BQ, the
natural map BQ → B(Qδ) induces an inclusion k˜ ⊂ kδ . On the other hand, by [5, 2.9]
we see that kˆ is a splitting field for the irreducible B(Qδ)-module; noting that both
kδ = Z(B(Qδ)) and kˆ are cyclic extensions of k generated by p′-roots of unity, we can
assume that
k˜ ⊂ kδ ⊂ kˆ, O˜ ⊂Oδ ⊂ Ô, K˜⊂Kδ ⊂ K̂. (3.4.2)
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(1.9.1) the formula (1.7.1) becomes
χ(us)=
∑
g∈CG(u)\T (U,P )/NG(Pγ )
tr
Kε(u,g)
K
(
χε(u,g)(u)ϕε(u,g)(s)
) (3.5.1)
with
χε(u,g)(u)= TrKε(u,g)(uiε(u,g)/iε(u,g)M), (3.5.2)
where iε(u,g) ∈ ε(u,g)∩Sε(u,g) and iε(u,g)M is treated as aKε(u,g)-space. By the definition
of ε(u,g) in (1.9.1), we have that ug ∈ P and (Uε(u,g))g ⊂ Pγ . So, by the definition of
inclusion of pointed groups (see 1.8), we can choose iε(u,g) such that
i
g
ε(u,g)j = igε(u,g) = j igε(u,g), (3.5.3)
where j ∈ γ has been fixed in 3.4. Through (3.5.3) and the isomorphism induced by g−1
g−1 : iε(u,g)M −→ igε(u,g)M,
it is easy to check that TrKε(u,g)(uiε(u,g)/iε(u,g)M)= TrKε(u,g)(ugigε(u,g)/igε(u,g)M). Recall
that jM is a K̂-space, noting (3.4.2) and (3.5.3), we have
TrKε(u,g)(uiε(u,g)/iε(u,g)M)= TrKε(u,g)
(
ugi
g
ε(u,g)/jM
)
. (3.5.4)
By [5, 2.9], ε(u,g)g is the unique local point of Ug on B = jOGj , we can assume that
j = i1 + · · · + im(u,g)+ e, it ∈ ε(u,g)g ∀t = 1, . . . ,m(u,g), (3.5.5)
is an orthogonal decomposition on BUg with i1 = igε(u,g) and e being a sum of idempotents
belonging to non-local points of Ug on B . Then, as BU -modules we have that jM =
(
⊕m(u,g)
t=1 itM)⊕ eM . But
TrKε(u,g)
(
ugit/itM
)= TrKε(u,g)(ugi1/i1M), ∀1 t m(u,g);
and TrKε(u,g)((uge)/eM)= 0 by (2.8.3); combining it with (3.5.2) and (3.5.4), we get
m(u,g) · χε(u,g)(u)= TrKε(u,g)
(
ugj/jM
)
.
Recalling (3.4.2), by the same reason as for (2.8.1) we can rewrite it as
m(u,g) · χε(u,g)(u)= trK̂Kε(u,g)
(
TrK̂
(
ugj/jM
))
. (3.5.6)
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module (note that 1jKGj = j ); and conversely, any simple jKGj -module is isomorphic to
jM for a simple KGb-module M . By (3.4.1) we have
jKGj ∼= ( ŜK ⊗K̂ K̂P )EG(Pγ ), ŜK ∼=Mn(K̂ ). (3.6.1)
In order to describe all the simple jKGj -modules, let N̂K = K ⊗O N̂ where N̂ is as in
(3.4.1) be the unique simple ŜK -module; and for any simple K̂P -module L, let EL be
the stabilizer of L in EG(Pγ ). Recall that, by [4, 2.6 and 2.7] there are a finite field k0
and corresponding valuation ring O0 and fraction field K0 and a K0Gb-module M0 such
that b, j ∈O0G and M =K⊗K0 M0. Thus we can apply the following fact which is stated
in a general form.
3.7. Lemma. Assume that k is finite. Let S be a simple K-algebra with unique simple
module L, and let E be a finite cyclic group acting on S such that the action of E stabilizes
K and induces a faithful action on k. Let B = SE be the semidirect product of E by S.
Then L can be uniquely extended to a B-module.
Proof. Let Ô be the valuation ring of K̂ = Z(S), then the residue field kˆ = Ô/J (Ô) is
finite and contains k and the induced action of E on kˆ stabilizes k and faithful on k; that
is, E is a Galois group of kˆ. By [8, 3.19] we have that the cohomology H2(E, Ô∗) = 0;
hence the Brauer group H2(E, K̂∗) = 0. Let S ∼= Mn(D) where D is a division algebra
with Z(D)= K̂, then
L∼=Dn =
n︷ ︸︸ ︷
D⊕ · · · ⊕D
and SE ∼= Mn(DE) where DE is the semidirect product. Since the action of E on
D is compatible with the left multiplication of D on D, the D is a DE-module and
DE ∼= M|E|(DE). Thus SE is a simple algebra; and, on the other hand, Dn is a Mn(DE)-
module, hence L is an SE-module. That is, L is uniquely extended to a B-module. ✷
3.8. Return to the notation of 3.5 and 3.6. Since ŜK is a split K̂-algebra and EL is a
cyclic group and acts on kˆ faithfully, by the above lemma we have the following at once.
(3.8.1) L can be extended to a (K̂P)EL-module and N̂K ⊗K̂ (
⊕
x∈EG(Pγ )/EL L
x) is a
simple jKGj -module. And any simple jKGj -module is in this form. In particular, the
simple KGb-modules correspond one-to-one to the simple jKGj -modules N̂K ⊗K̂ L̂
with L̂=⊕x∈EG(Pγ )/EL Lx as above.
So we assume
(3.8.2) jM ∼= N̂K ⊗̂ L̂, and let λˆ be the character afforded by the K̂P -module L̂.K
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TrKε(u,g)
(
ugj/jM
) = trK̂Kε(u,g)(TrK̂(ugj/jM))
= trK̂Kε(u,g)
(
TrK̂
(
ug/N̂K
)
λˆ
(
ug
))
.
Combining it with (3.5.6) and (3.5.1), we get
χ(us)=
∑
g∈CG(u)\T (U,P )/NG(Pγ )
1
m(u,g)
trK̂K
(
TrK̂
(
ug/N̂K
)
λˆ
(
ug
)
ϕε(u,g)(s)
)
. (3.8.3)
3.9. By (3.8.1)–(3.8.3), to complete a proof of Theorem 1.10 it is enough to show that
there is a class function ω :P →{±1} such that TrÔ(ug/N̂)= ω(ug)m(u,g).
From (3.5.5) it is easy to see that
Aγ
(
Ug
)
/J
(
Aγ
(
Ug
))= Mm(u,g)(kε(u,g)),
that is, m(u,g) is the multiplicity of the unique local point of Ug on the source algebra
Aγ = jOGbj = jOGj . By (3.2.4) we have an Ô-block Ô Ĝb˜ with a defect pointed group
Pγˆ such that j jˆ = jˆ = jˆ j ; and have a local pointed group Uεˆ(u,g) on ÔG such that
iˆ
g
εˆ(u,g)
jˆ = iˆg
εˆ(u,g)
= jˆ iˆg
εˆ(u,g)
for an iˆεˆ(u,g) ∈ εˆ(u, g).
On the other hand, by [8, 1.22 and 1.8.5 and 1.8.6], the Ô-block Ô Ĝb˜ is nilpotent and
its source algebra
Âγˆ = jˆÔGjˆ ∼= Ŝ ⊗Ô ÔP
and εˆ(u, g)g ∩ Âγˆ is the unique local point of Ug on Âγˆ . In other words, Âγˆ (Ug)/
J (Âγˆ (U
g)) is a simple algebra, and appears clearly as a simple factor of the following
semisimple algebra
kˆ⊗k
(
Aγ
(
Ug
)
/J
(
Aγ
(
Ug
))) = kˆ⊗k Mm(u,g)(kε(u,g))
= Mm(u,g)
(
kˆ⊗k kε(u,g)
);
the last one is clearly a product of matrix algebras of degree m(u,g). Thus the multiplicity
of the unique local point of Ug on Âγˆ still equals m(u,g). Therefore, the following result
is enough to complete the proof of Theorem 1.10.
3.10. Lemma. Let Bγ ∼= Ŝ ⊗O (OP) where Ŝ ∼=Mn(Ô ) is an interior P -algebra with
homomorphism σ :P → (Ŝ )∗ be a source algebra of a nilpotentO-block b; for any u ∈ P ,
let ε be the unique local point of 〈u〉 on Bγ with multiplicity m. Then TrÔ(σ (u)) = ±m
and the function ω :P →{±1} defined by ω(u)m= Tr̂(σ (u)) is a class function.O
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follow [11, 1.11] to sketch a proof for arbitrary k.
Let k0 be the algebraic closure in k of the prime field and O0 be the corresponding
unramified extension of the p-adic subring of O. Let ϕ be the unique O-Brauer character
of b (see 3.2.2) and Φ be the corresponding indecomposable projective character. It is
known (e.g., [3, Theorem 4]) that
b= 1
d · |G|
∑
x∈G
Φ(1)ϕ
(
x−1
)
x,
where d is the dimension of the endomorphism algebra of the unique irreducible kG-
module in the block b. In particular, b ∈O0G hence it is an O0-nilpotent block of G and
Pγ0 with γ0 = γ ∩O0G is a defect pointed group of the block, and we can take j ∈ γ0.
Applying (3.4.1) to O0Gb, we have that
jO0Gbj ∼= S′0 ⊗O′0
(O′0P ), S′0 ∼=Mn(O′0);
and the interior P -algebra S′0 has a homomorphism
σ0 :P →
(
S′0
)∗
with detO′0
(
σ0(u)
)= 1 ∀ u ∈ P.
By the uniqueness part of (3.4.1), we have S′ ∼= O ⊗O0 S′0 ∼= O′ ⊗O′0 S′0 as interior
P -algebras, hence we can assume that
S′ =O′ ⊗O′0 S′0 and σ = σ0.
Let ζ be a primitive root of unity of degree |P |; let Z and Zp denote the rational integer
ring and the p-adic integer ring respectively. Then
TrO′0
(
σ0(u)
) ∈ Z[ζ ] ∩O′0 ⊂ Z[ζ ] ∩Zp[ζ ] ∩O′0.
But Zp[ζ ] is totally ramified while O′0 is totally unramified, so Zp[ζ ] ∩O′0 = Zp (cf. [13,
IV.4, Remark 2]). Thus TrO′0(σ0(u)), hence TrO′(σ (u)), is a rational integer. Let
m′ = ∣∣TrO′(σ(u))∣∣.
Since the computation of traces is independent of extensions of coefficients and of
conjugation, we can assume that σ(u) is diagonalized with eigenvalues being roots of
unity, then it is easy to see that the trace on S′ (as a free O′-module) of the conjugation by
σ(u) is
TrO′
(
σ(u)
) · TrO′(σ(u))= TrO′(σ(u))2 =m′2.
However, by [4, 1.4] the conjugation of P stabilizes an O′-basis W of S′, thus
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(
σ(u)
)2 = ∣∣WU ∣∣= dimk′ S′(U),
where S′(U) is defined in (2.2.1). Since as O′-algebra S′ is split, [11, 5.6, 5.7] still apply
to get that
S′(U)∼= Bγ (Uε)∼= Mm
(
k′
)
.
Thus we have m′2 =m2, which is the desired. ✷
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